Reinforcement of fibrous composites by stiff particles embedded in the matrix offers the potential for simple, economical functional grading, enhanced response to mechanical loads, and improved functioning at high temperatures. Here, we consider laminated plates made of such a material, with spherical reinforcement tailored by layer. The moduli for this material lie within relatively narrow bounds. Two separate moduli estimates are considered: a ''two-step" approach in which fibers are embedded in a homogenized particulate matrix, and the Kanaun-Jeulin (Kanaun, S.K., Jeulin, D., 2001. Elastic properties of hybrid composites by the effective field approach. Journal of the Mechanics and Physics of Solids 49, 2339-2367) approach, which we re-derive in a simple way using the Benveniste (1988) method. Optimal tailoring of a plate is explored, and functional grading is shown to improve the performance of the structures considered. In the example of a square, simply supported, cross-ply laminated panel subjected to uniform transverse pressure, a modest functional grading offers significant improvement in performance. A second example suggests superior blast resistance of the panel achieved at the expense of only a small increase in weight.
Introduction
Much of Liviu Librescu's research career was devoted to the science of developing improved structural systems through novel structural and material reinforcement schemes (Librescu, 1976; Librescu and Song, 2006) . In this spirit, we contribute an article to this special edition of the International Journal of Solids and Structures devoted to his memory that focuses on optimizing a lightweight, dynamically loaded composite panel through careful selection of material properties and a novel reinforcing scheme.
Hybrid composite materials consisting of an isotropic polymer matrix reinforced by both particles and unidirectional fibers offer the potential for simple functional grading to tailor mechanical response and reduce stress concentrations around attachments and discontinuities. Local particle reinforcement can increase stiffness and strength at key locations at the expense of a relatively small increase in weight. Moreover, polymeric composite structures subjected to thermal loading exhibit matrix deterioration at high temperatures, but a matrix reinforced with ceramic particles offers the potential to increase structural endurance and load-carrying capacity at high temperatures (Birman and Byrd, 2007) .
Effective application of hybrid particulate-matrix fiber-reinforced composites involves analysis of their stiffness in structural systems with either uniform or variable property distributions. For example, these structures may represent 0020-7683/$ -see front matter Ó 2008 Elsevier Ltd. All rights reserved. doi: 10.1016/j.ijsolstr.2008.08.010 1. All material phases are isotropic and linearly elastic. 2. The perturbed strain in the matrix due to the presence of inclusions is not affected by the interaction of the two types of inclusions. In other words, each type of inclusion i = 2 and i = 3 affect the strains in the matrix, but the perturbed matrix strain due to the interaction between these inclusions is assumed to be of second order. 3. Phase 3 is represented by aligned fibers of circular cross section; i.e., the composite material is a lamina with embedded particles. This assumption is needed to utilize the Eshelby tensor for cylindrical inclusions. In general, the derivation shown below is independent of the orientation and shape of fibers and particles as long as the corresponding Eshelby tensor is known.
The average stress ð r o Þ and average strain ð e o Þ tensors for the material under consideration are related through the effective stiffness tensor L:
where boldface symbols represent tensors and bars denote a volumetric average over the entire composite. The effective stiffness tensor for a matrix with two different types of embedded inclusions can be written as a generalization of the expression proposed by Hill (1963) 
where L i is the stiffness tensor of the i th phase, f 2 and f 3 are volume fractions of the corresponding types of inclusions, and the tensors of concentration factors A 2 and A 3 represent the relationships between the tensors of average strains in the corresponding inclusions ð e i Þ and the mean remote strain tensor ð e o Þ:
Note that according to the second assumption, this approach does not explicitly account for the interaction of different types of inclusions. Accordingly, it is applicable only if at least one type of inclusion has a relatively small volume fraction. Expanding the Mori and Tanaka (1973) ideas, the tensors of average strain in the matrix and in the phases are represented as
whereẽ i are tensors of perturbations superimposed on the average strain in the matrix as a result of the presence of the corresponding inclusions, and e 0 i are tensors of average perturbed strain in the inclusions relative to the tensor of average strain in the matrix.
The tensors of average stresses in the inclusions can now be expressed in terms of the stiffness of the matrix:
where e Ã i are tensors of average correlation strain in the corresponding type of inclusions. These tensors are related to the tensors of perturbations in the inclusions by
where S i are the fourth-order Eshelby tensors, presented in Appendix A for the cases of spherical inclusions and for infinitely long cylindrical inclusions (fibers). From (4) and (5), the tensors of perturbation strains can be expressed in terms of the tensors of average strain in the corresponding inclusions as
As also directly follows from (4):
The subsequent transformation requires expression of the tensors of average strain in each type of inclusion in terms of the tensor of the average strain in the matrix; i.e., the linear transformations T i such that
This is easily accomplished using (7) and (8)
where I is a fourth-order unit tensor. The tensors of concentration factors are now determined by expressing the tensor of the applied strain, which also represents the average strain in an equivalent homogeneous material, in terms of strains in the constituent phases through the rule of mixtures:
Using (3) and (9) in (11) yields
Using the concentration tensors (12) in the tensor of effective stiffness (2) yields an estimate coinciding with that derived by Kanaun and Jeulin (2001) using the effective field method
Computations evaluating (13) can be performed simply using the tensor decomposition presented by Walpole (1984) and summarized recently by Sevostianov and Kachanov (2007) . Note that for the case of a single type of inclusions this result converges to the formula derived by Benveniste (1987) .
3. ''Two-step'' approach to the bounding and estimation of the elastic response of a particulate-matrix, fiberreinforced composite material Bounds and estimates are combined here to evaluate the effective stiffness tensor of an isotropic matrix material reinforced by a random dispersion of identical spherical particles. Subsequently, these bounds and estimates are used to represent the matrix of a fiber-reinforced composite material, and additional bounds and estimates are applied to model this fiber-reinforced composite. An underlying assumption is that the spherical particles are small compared to the fiber radii.
In the example that will be studied, / 1 and / 2 refer to the volume fractions of epoxy and (relatively stiff) identical spherical particles, respectively, within the particulate-reinforced matrix; these relate to the overall volume fractions of epoxy (f 1 ) and spherical particles (f 2 ) as / 2 = f 2 /(f 1 + f 2 ), with / 1 = 1 À / 2 . The dense packing limit for identical spherical particles is that / 2 cannot exceed approximately 0.63 (Torquato, 2001 ).
3.1. Bounds and estimates of the mechanical response of the particle-reinforced matrix The first step of the ''two-step" procedure is to estimate and bound the effective bulk modulus, K pm , and the effective shear modulus, G pm , of the combination of isotropic spherical particles and isotropic matrix. The matrix has bulk modulus K 1 and shear modulus G 1 , and the spherical particles have bulk modulus K 2 and shear modulus G 2 . Beran and Molyneux (1966) and McCoy (1970) obtained three-point bounds on K pm and G pm , for two-phase composites.
These involve two parameters, f 2 and g 2 (additionally, g 1 = 1 À g 2 , f 1 = 1 À f 2 ) that characterize the shape and distribution of the two phases (e.g. Torquato, 1991) and must be evaluated numerically. This procedure is computationally expensive, and only a limited number of microstructures have been characterized. Values range between 0.15/ 2 < f 2 < / 2 and 0.5/ 2 < g 2 < / 2 (Torquato, 1991) . For randomly spaced spherical particles, f 2 $ 0.211/ 2 and g 2 $ 0.483/ 2 (Torquato, 2001 
where
in which h i denotes a weighted average (for example, hGi
, and a tilde represents a reverse-weighted average, e.g. Milton's (1981) form of the three-point Beran and Molyneux (1966) bounds on the bulk modulus of an isotropic twophase composite is
where d = 3. The ''three-point" estimates lying between these bounds incorporate detailed information on the geometry and distribution of the spherical particles (Torquato, 2001) :
and
3.2. Bounds on and estimates of the mechanical response of a fiber-and particle-reinforced lamina
We now study the mechanics of a lamina containing aligned fibers of volume fraction f 3 embedded in an isotropic matrix of volume fraction f 1 + f 2 . The matrix mechanical properties are those of the homogenized particle-reinforced matrix discussed in Section 3.1; that is, the matrix is an isotropic continuum with bulk modulus K pm and shear modulus G pm . The fibers are isotropic with bulk modulus K fib and shear modulus G fib . The dense packing limit for fibers requires f 3 < 0.83 (Torquato, 2001) . In general, five moduli are needed to describe the linear elastic response of a transversely isotropic material. However, since both the homogenized matrix and the fibers are taken to be isotropic, and since the laminate is transversely isotropic, only three of the effective moduli are independent (Hill, 1964) . In the following, we present bounds and estimates for: (1) the transverse shear modulus, G T , describing resistance to shearing in a plane perpendicular to the fiber axes; (2) the transverse bulk modulus, K T , defined in such a way that the elastic modulus E T for stretching perpendicular to the direction of the fibers
and (3) the longitudinal-transverse shear modulus G LT describing resistance to shearing in a plane containing the fiber axes. The remaining two moduli enumerated below are dependent upon these first three: (1) the longitudinal elastic modulus E L describing resistance to stretching parallel to the fibers, and (2) the longitudinal-transverse Poisson's ratio m LT that dictates the ratio between tensile strain resulting from uniaxial stretching parallel to the fibers and the associated compressive strain perpendicular to the fibers.
Transverse shear modulus
The Silnutzer three-point lower bound on G T e is given by Eqs. (14) and (15) (Silnutzer, 1972 , reported in Torquato, 2001 with / 1 replaced with (f 1 + f 2 ), / 2 replaced with f 3 , g 2 = 0.276f 3 , f 2 ¼ 0:691f 3 þ 0:0428f 2 3 , and h i replaced with h i f , where, for example,
The Gibiansky and Torquato (1995) upper bound for G T e is tighter than the Silnutzer bound. Making the above substitutions, the Gibiansky-Torquato upper bound is obtained from Eq. (14) using the following definition for H:
where K max is the greater of K pm and
, and
An estimate for G T e within these bounds is provided by Eqs. (18) and (19), with d=2.
Transverse bulk modulus
The Silnutzer three-point lower bound on K T e is given by Eq. (17) with, as above, / 1 replaced with (f 1 + f 2 ), / 2 replaced with
, and h i replaced with hi f (Torquato, 2001) . A tighter upper bound is the Gibiansky-Torquato upper bound (Gibiansky and Torquato, 1995; Torquato, 2001) :
An estimate for K T e is obtained by Eqs. (18) and (19), with d = 2.
Longitudinal-transverse shear modulus
The shear modulus G LT e must lie within the Hashin and Rosen (1964) bounds
The Halpin and Tsai (1967) semi-empirical equations provide estimates within these bounds for values of the parameter n in the range 0 6 n 6 25:
where C HT ¼ ½ðG fib =G pm Þ À 1=½ðG fib =G pm Þ þ n. The value n = 2 has been shown to provide a good estimate for laminae containing regularly spaced, aligned fibers, and will be adopted in the following (Jones, 1975) .
Longitudinal elastic modulus
For a transversely isotropic two-phase lamina, E L e is dictated by the bounds or estimates of the aforementioned properties (Hill, 1964; Torquato, 2001 ):
where m is Poisson's ratio of the isotropic particulate-reinforced matrix (pm) or fibers (f), and k i = K i + G i /3 for each phase i.
Lateral/transverse Poisson's ratio
The effective Poisson's ratio m LT e for contraction in the transverse plane associated with stretching parallel to the fibers is similarly dictated by the other material constants of the laminate (Hill, 1964; Torquato, 2001) :
4. Framework to assess tailoring of fiber-reinforced laminates with spherical particles
We apply the Ashby (2005) method to determine through material selection charts the grading of glass spheres within the matrix of a fiberglass laminate that optimizes the mechanical response to static, instantaneous, and blast loading with a minimum of additional weight. Desirable features to enhance the response to an applied surface pressure are reductions in deflection and stress, and increases in structural and material strength. We focus on choosing the volume fraction of spheres in each lamina of a symmetric, cross-ply laminated plate that optimizes weight and stiffness in response to these loading conditions. We first assess the benefits of tailoring in a square, statically-or instantaneously loaded plate by considering the effects of all possible spatial distributions of particles in laminates containing prescribed volume fractions of fibers. An objective function indicates which of these tailorings improve upon the stiffness to weight ratio of these laminates. We then assess the efficacy of tailoring in a specific blast-loaded panel. We restrict our attention to cases in which the number of laminae N in the plate or sandwich panel is even, and all laminae are of the same thickness h k . Both representative examples illustrate the advantages of adding a relatively small amount of spherical particles to the matrix of fiber-reinforced composites.
We consider a square, simply supported cross-ply plate of side dimension a, thickness h, and density q. The mass m of such a panel is
in which q k is the density of the k th lamina in the laminate, given as a volume-weighted average of the densities q matrix , q spheres , and q fibers of the matrix, spheres, and fibers in the lamina: 
Static and instantaneous loading
The exact solution for the static peak deflection w(x, y, t) due to an applied uniform pressure p o on one face of an undamped anisotropic plate is given by Lekhnitskii (1968) , and the solution for an instantaneously applied dynamic loading by Soedel (2004). As described in Appendix B, we base design computations on the peak deflections resulting from a oneterm approximation to these solutions. The approximation is obtained in terms of x and y coordinates in the plane of the plate, originating from one corner of the plate, by assuming a displacement field of the form w(x, y, t) = b(t)W 11 (x, y), in which t is time and W 11 (x, y) = sin(p x/a) sin(py/a) represents the first mode of deformation. For a slender, isotropic plate, the accuracy of this approximation when compared to the exact solution is within 2.5%; for plates of the anisotropy range studied in the following examples, the accuracy is within 6%. The peak deflections of the plate subjected to a static or instantaneous load occur at the center of the plate and can be written (Appendix B)
respectively. The composite plate stiffnesses D ij of a symmetric laminate containing an even number N laminae, each of
The reduced stiffnesses can be written as follows for the k th lamina (e.g. Jones, 1999) :
where Z k = 1 for 0°laminae oriented with the fibers parallel to the 1-direction and Z k = 0 for 90°laminae oriented with fibers perpendicular to the 1-direction. Eq. (28) can be solved for the panel thickness, h:
where U can be interpreted as an effective stiffness, b max = 1 for static loading of the plate, and b max = 2 for instantaneous loading of the plate. Note that because of the symmetries of the problem considered, neither Q The performance index for optimization can be identified by combining and substituting back into (26)
The goal is to find a panel of minimum mass m that can provide a certain stiffness (p o /w max ). While the number of laminae N is held constant, the thicknesses of the laminae are allowed to vary freely to reach this optimum. Under these constraints, the only free variables on the right hand side of (32) are the density and stiffness; the panel that provides the optimal stiffness per unit weight is that which maximizes the material performance index, M ¼ U 1=3 = q. As will be described in Section 5, the optimum degree of tailoring is found graphically through an Ashby-type material selection chart, a plot of q against U for panels containing a prescribed volume fraction of fibers and all possible distributions of spherical particles. The Ashby ''selection lines" are isoclines of the material performance index, M.
Blast loading
We consider the response of a specific plate to an explosive blast (Houlston et al., 1985) , Gupta (1985) , Gupta et al. (1987) , Birman and Bert (1987) , Librescu and Nosier (1990a) , Librescu and Na (1998a,b) ). Here, we modify the approximate solution (28) to predict the response of the panel to a blast overpressure, uniformly distributed over the surface of the panel but varying with time according to the Friedlander equation (e.g., Birman and Bert, 1987) 
where p o is the peak pressure, t p is a positive phase duration of the pulse and K is an empirical decay parameter. Reasonable values for the parameters are t p = 0.1 s and K = 2 (Librescu and Nosier, 1990b 
and the fundamental frequency x 1 is
As justified below (see the results associated with Fig. 7) , the peak displacement for the example studied in Section 5 could be approximated as
Note that the first term in the parentheses in Eq. (37) is the same as Eq. (28) for an instantaneously applied load p o ; the second term reflects the effect of reaching the peak pressure p o gradually over the duration of a blast loading.
Numerical results
Material constants of an isotropic epoxy matrix (E 1 = 3.12 GPa and m 1 = 0.38) containing spherical isotropic glass inclusions (E 2 = 76.0 GPa and m 2 = 0.25) were evaluated using the two estimates and compared to the Voigt and Reuss, HashinShtrikman, and three-point bounds (Fig. 1) . The three-point estimate lies within all bounds considered; the Benveniste estimate (shown above to be analogous to the Kanaun-Jeulin estimate for the case of a two-phase material) falls just below the three-point bounds and coincides with the Hashin-Shtrikman lower bound. Note that the associated predictions and estimates for the Poisson ratio were inverted: the Benveniste approach predicted slightly high values. While Benveniste predictions remain within the Hashin-Shtrikman bounds, they were slightly outside the three-point bounds, particularly at larger particle volume fractions, though the deviation remained quite small. Like the Mori-Tanaka theory, the Benveniste approach is acceptable only for relatively low particle volume fractions. As will be shown below, the Kanaun-Jeulin approach for a three-phase composite has these same ranges of applicability.
For a particulate-matrix, fiber-reinforced material (glass fibers and particles, with identical moduli, and epoxy matrix), the bounds evaluated (Fig. 2) correspond to the upper and lower three-point bounds from Fig. 1 , combined with the bounds presented in Section 3.2. The ''two-step estimates" use the three point estimates for the particulate-reinforced matrix in conjunction with the estimates for fiber-reinforced composites presented in Section 3.2. The Kanaun-Jeulin estimate derives directly from Section 2. All moduli in these graphs were normalized by those of the epoxy matrix.
In a parameter study assessing the effects of varying volume fractions of spheres at prescribed volume fractions of fibers, the Kanaun-Jeulin estimate lies just outside of the three-point bounds, and is usually a reasonable approximation provided that the particle and fiber volume fractions are small. In all cases, the Kanaun-Jeulin estimate lies closest to the bounds for lowest volume fractions of inclusions (Fig. 2) . The Kanaun-Jeulin estimate follows the lower Hashin-Shtrikman bounds (not shown) for the transverse elastic modulus (E T ) and both shear moduli (G T and G LT ), and lies just above the upper bound for the longitudinal elastic modulus (E L ). The ''two-step" estimate lies within the three-point bounds. Estimates for Poisson's ratio obtained using both methods are close. When the two laminae are combined into a symmetric 0°/90°composite, the errors cancel and the Kanaun-Jeulin estimate provides estimates of some of the average reduced stiffness terms Q (30)) that are far improved (Fig. 3) . Plotted in Fig. 3 are the sum ðQ Functional grading for optimization of the stiffness to weight ratio was studied for a symmetric, 8-ply laminate consisting of epoxy, varying volume fractions f 3 of fibers, and all possible volume fractions f 2 of spherical reinforcing particles (ranging from f 2 = 0 to the dense packing limit, f 2 = 0.63(1 À f 3 ); for example, for f 3 = 0.5, the average density q (Eq. (27) ranges from 2000 kg/m 3 (no particles) to 2315 kg/m 3 (dense packing limit)). The set of all possible ''stiffnesses" U for a laminate containing 50% by volume fibers and varying volume fractions of spherical particles, tailored with all possible ply-by-ply spatial distributions, is shown as a function of average density in Fig. 4 for four sets of mechanical properties: the upper and lower bounds from Fig. 2 , the Kanaun-Jeulin estimate, and the two-step estimate. The shapes of the regions corresponding to each set of mechanical properties were nearly identical, other than an offset along the vertical axis. The scallops on the top of each region correspond to progressive addition of spherical reinforcement to the outermost plies: the leftmost scallop corresponds to a tailoring involving addition of spherical reinforcement to the outermost pair of plies, up to the maximum; the next scallop corresponds to addition of spherical reinforcement to the next pair of plies.
How much stiffening is too much? The selection lines are the isoclines of the performance index M ¼ U 1=3 = q. The stiffness U continues to increase as spherical particles are added to the inner two pairs of plies, but such configurations have a less optimal stiffness to mass ratio: the best solutions are those intersected by the highest optimization isoclines. Optimization isoclines (dashed lines, Fig. 4 ) appear straight because both axes of the plot are logarithmic. All ð q; UÞ points above the isocline that intersects the point corresponding to no reinforcement of spherical particles (lower left corner of the region, circled in Fig. 4 ) represent improvements in mechanical response through addition of spherical particles. The grading at the optimum (circled in Fig. 4 ) had no spherical particles in the inner four laminae, and the maximum possible volume fraction (f 2 = 31.5%) in the outer four laminae. One of the worst possible gradings of spherical particles (also circled in Fig. 4) had the maximum possible volume fraction of spherical particles in the innermost pair of laminae, 70% of this volume fraction in the next pair, and no spherical particles in the outermost two pairs. Note that the region corresponding to the Kanaun-Jeulin estimate obscures the region corresponding to the lower bound except at the highest volume fractions of spherical reinforcement (highest average density); at these higher values, the solution is least reliable, and the stiffness U can be seen to drop beneath the lower bound.
When varying volume fractions of fibers are considered (Fig. 5) , the domains of possible ð q; UÞ pairs for each volume fraction of fibers has approximately the same shape as those in Fig. 4 , except that the region appears to rotate counterclockwise relative to the optimization isoclines for higher volume fractions of fibers. The result is that the optimal tailoring of the volume fraction of spheres changes at the highest volume fraction fibers considered, so that adding the greatest possible volume of spheres to the outermost three pairs of laminae (rather than the outermost two pairs) becomes optimal. The details of the least optimal tailoring changes with fiber volume fraction, but in each case involve higher volume fractions of spheres close to the neutral axis of the laminate.
To assess the role of modulus tailoring in blast-loading, a square, symmetric, 8-ply cross-ply laminate of thickness h = 0.008 m and in-plane dimension a = 0.5 m was considered. For such a laminate, the natural frequency x 1 varied from approximately 250 Hz to 800 Hz (Fig. 6 ). For this natural frequency range, and using the blast considered by Librescu and correspond to all stiffnesses U and average densities q attainable when tailoring a symmetric, 8-ply 0°/90°cross-ply laminate (volume fraction of glass fibers f 3 = 0.5) using spherical glass inclusions (volume fraction f 2 allowed to vary from lamina to lamina). Improved performance is achieved for laminates tailored to have higher values of M; these lie along higher isoclines, as shown. , is identical to G LT (Fig. 2) . Moduli are normalized by the elastic modulus of epoxy.
Nosier (1990a,b) (t p = 0.1 s, K = 2), several oscillations occur in the panel during the positive pressure phase of the blast duration, t p (Fig. 7) . The first and third terms in Eq. (35) 
and the peak displacement occurs near x 1 t = p so that
This approximation to W Ã max is accurate to within a few percent (circles, Fig. 7 ). Substitution of this into Eq. (34) yielded the approximation (37). For the specific panel studied here, nearly all additions of spherical tailoring improved the stiffness per unit mass ratio of the plate (Fig. 8) . tailoring of symmetric 8-ply 0°/90°cross-ply laminates (volume fraction f 3 of glass fibers) using spherical glass inclusions (volume fraction f 2 allowed to vary from lamina to lamina). Improved performance is achieved for laminates tailored to have higher values of M; these lie along higher isoclines, as shown. Certain distributions of spherical particles can be more effective in improving the stiffness-to-weight ratio than additional fibers. 
Discussion
This article demonstrated how tailored distributions of particle reinforcement can improve the structural response of laminated plates, using fiberglass cross-ply panels as an illustration. A series of micromechanical models were considered to obtain the results in this paper. The Kanaun-Jeulin approach suffered from limitations identical to those of the Mori-Tanaka estimate (Figs. 1 and 2 ). As expected from the Kanaun-Jeulin approach's requirement that inclusion classes have minimal mechanical interactions, the estimates were best for the lowest concentrations of inclusions (Fig. 2) . Errors cancelled out for the case of a cross-ply laminate (Fig. 3) . At moderate concentrations of inclusions, the Kanaun-Jeulin approach offers a simple and compact approach for estimating the time-dependent response of a plate (Fig. 6) . However, this approach can provide estimates that fall outside of rigorous bounds on mechanical response (Fig. 2) , and must therefore be used with care.
For the example of a static or instantaneously applied pressure loading applied to a cross-ply panel, the optimization of the distribution of reinforcing particles proceeded via the Ashby approach, showing that a broad class of particle distributions led to improved stiffness to weight ratios of the panels considered (Fig. 4) . As expected, the optimal tailoring involved including spherical reinforcement in the outer plies, and excluding the reinforcement from the inner plies. Poorly-chosen tailoring of spherical reinforcement particles leads to a reduction in the stiffness to weight ratio of the panels. However, well-chosen spherical reinforcement, added to the outermost plies, was more effective than the uniform addition of fibers to all laminae (Fig. 5. ) For blast loading, a closed form estimate was developed to predict the peak displacement of a panel in response to a Friedlander pressure pulse. A blast-resistant panel can withstand only a limited deflection before losing strength; while other aspects of blast resistance such as improved thermal resistivity from glass particles and the ability to tailor stiffness in the vicinity of stress concentrations are certainly important (e.g. Budiansky et al., 1993; Genin and Hutchinson, 1999) , the focus here was exclusively on the improvement of stiffness to weight ratio. For the specific panel and blast chosen for detailed study, the peak displacement occurred at a well-defined moment shortly after the arrival of the blast ''overpressure" wave. This time was a function of the fundamental frequency; the greater the fundamental frequency, the sooner after the blast and greater in magnitude was the peak displacement (Fig. 7) . However, the magnitude of this peak decreased with both increasing stiffness and decreasing mass, and hence with increasing particle content in the laminate. The improvements from stiffness increases dominated over the deleterious effects of increased fundamental frequency, and the stiffness to weight ratio for the blast-loaded panel improved for nearly all additions of glass particles, no matter how poorly the tailoring was chosen (Fig. 8) .
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Appendix A. Eshelby tensors
Eshelby's tensor for a spherical inclusion embedded within an isotropic matrix are the following (Eshelby, 1959; Torquato, 2001) : 
Appendix B. Approximate response of a simply supported orthotropic plate to an arbitrary dynamic pressure loading
The Love equation for the displacement field w(x, y, t) of an undamped, square plate lying in the x-y plane that is subjected to a uniform, time-varying pressure p(t) is (e.g. Soedel, 2004) Lfwðx; y; tÞg þ 
where q is the mean density of the plate, h is the thickness of the plate, and the operator L{w(x, y, t)} can be written as 
The exact solution to this problem can be written in terms of an infinite series using the standard Fourier decomposition (e.g. Soedel, 2004 
where the modal participation factor b 1 (t) is found from the following convolution integral (Soedel, 2004) :
A 1 ðsÞ sin x 1 ðt À sÞds;
in which the fundamental frequency x 1 can be written as in Eq. (35), and the composite plate stiffnesses D ij are defined in Eq.
(29). The amplitude A 1 (t) in the convolution integral, with units of acceleration, can be written
